Multiply schemes are used as a model of a linear congruential scheme. It is suggested how the properties of linear congruential schemes as pseudo-random number generators might be improved by shuffling. Asymptotic frequencies of pairs and triples from multiply schemes are obtained.
1. Introduction. Multiply schemes have been suggested as an idealized model of linear congruential schemes ( [1] and [2] ) and have also been of interest in number theory. It has been suggested that the properties of linear congruential schemes as pseudo-random number generators might be improved by shuffling (see [4] and [3] ).
The asymptotic frequencies of pairs and triples from multiply schemes with a uniform initial distribution are obtained and it is shown how the asymptotic distribution of pairs is improved by a shuffling scheme. From a practical point of view such results are only suggestive since they hold for "almost every initial choice" (with respect to the uniform distribution) in an idealized model. with N > 1 an integer. This can be considered an idealized model of the linear congruential scheme since it assumes unlimited accuracy in that xn can be any real number 0 < xn < 1. Also, the uniform measure on [0, 1] is an invariant measure with respect to the transformation y = Nx modulo one, and we shall take x0 with that initial distribution. Let We are interested in the asymptotic behavior as « -► °° of the relative frequencies
and seeing how this deviates from what one requires of a scheme ideally simulating random numbers, that is, u0ux and u0uxu2, respectively, where 0 < u¡ < 1.
The ergodicity of (1) with invariant uniform measure (for x0) implies the existence of "time averages" and the equality of "time averages" with "space averages." This yields the old result on equidistribution that (3) liml-t *[*,<"]="
for almost every initial value x0, 0 < u < 1. The same type of argument can be used to determine the asymptotic behavior of (2') and (2"). We first consider (2') in the following lemma.
Lemma 1. Consider the sequence (1) with initial uniform distribution for x0.
Then, z/0<a, 2> < 1,
for almost every initial value x0, where [u] is the greatest integer less than or equal to u and {«} = «- [«] .
From the remarks made earlier, the ergodicity of the sequence implies that the limit (4) exists for almost every initial value and is equal to the space average. The space average is rvr. v l"5r.i <r
0 < a, b<*\,for almost every initial value x0.
A similar but somewhat more elaborate argument will now be given to obtain the following result on the asymptotic behavior of 3-tuples. From (6) we know that \m{xn • < u, xn_k < v} -uv\ is less than l/N if \k -/| = 1 and less than 1/A^2 if |fc -/| > 1. Further (27) and (28) imply that
